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tain T represent ideal delays of T sec. To simplify analysis,
only one quantizer Q is considered. The open-loop system
transfer function is

(7)1 0.75(^ + 0-5) "
(z - 0.9)(z - 0.7).

where D(z) is the transfer function of the controller, and G(z)
is the transfer function of the plant. The digital controller,
when realized in the manner shown in Fig. 1, is said to be
realized by the canonical programing form. The state
equations for this system are
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In Eq. (8), Q is the nonlinear gain of the quantizer. In Fig.
1, if Xz(k) becomes constant, Eq. (8) may be written as
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Equation (9) represents an unstable system; thus the digital
control system will contain oscillations.

These effects may also be viewed in terms of the poles and
zeros of the controller. -When x3(/c) becomes constant over
several sampling instants, no information concerning the
changes that occur within the system is transmitted through
the quantizer, and thus both the pole and the zero of the con-
troller are in effect removed from the system. The system is
unstable for this case.

(Consider the same system, with the controller realized by a
different procedure. The diagram of this programing pro-
cedure is shown in Fig. 2, and is called the direct programing
form.) For this case, if the quantizer transmits no informa-
tion on changes within the system, only the pole of the con-
troller is removed. The resultant system is stable, and no
low-amplitude oscillations will be present.

Figure 3 illustrates the system unit-step response for the
two programing forms, after approximately 2000 sampling
instants. Floating-point arithmetic was used in the con-
toller, with three bits in the fraction. An expanded scale is
used to clearly illustrate the oscillations. The ideal response
of Fig. 3 is the system response with no quantization present.
These results were obtained from a digital simulation.

Conclusions
A cause of low-amplitude oscillations in digital control sys-

tems is presented. It is illustrated through an example that
the oscillations are relatetjtto the programing form used in the
digital controller. This relationship can be explained from

the effect of the quantizer on the poles and zeros of the digital
controller, when the quantizer is transmitting no information.
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Viscous Slipstream Flow Downstream
of a Centerline Mach Reflection
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Nomen clatu re
b = shear layer half-width
I = shock stem height, 0.34 in.
M = Mach number
p = static pressure
pt' = Pitot pressure
r = radial distance
R = gas constant
z = axial distance
T = temperature
u = axial velocity __
v' = transverse turbulent velocity, (v'2)1/2

y — specific heat ratio
H = viscosity
P = density
\fr = stream function

Subscripts
t. = centerline condition
0 = reservoir condition
s — condition at edge of slipstream
I = stagnation condition
1 = condition upstream of shock stem
2 = condition just downstream of shock stem

Introduction
AN important aspect of supersonic flows with shock waves

^m. is the reflections of these waves at boundaries such as
along centerlines, along surfaces, and along free jet extremi-
ties. The iirst of these interactions is considered herein for a
situation where the reflection from the centerline in an axi-
symmetric flow is through a shock stem (Mach reflection).
The wave pattern is depicted in Fig. 1. The incident shock
wave is Si, the reflected shock wave is Sr, and the stem shock
wave is $„; a slipstream emanates from the triple shock wave
intersection T. The purpose of this investigation is to deter-
mine the mean structure of the viscous flowfield downstream
of the intersection from Pitot and static pressure probe mea-
surements. There is virtually no experimental information
available on the structure of such a shear flow and on the size
of the subsonic flow region that is imbedded in the supersonic
flow.

This region is of interest because such a shock wave reflec-
tion is often found in supersonic flows. Examples are 1)
inside of channels where shock waves generated upstream in
the flow by compressive turning subsequently undergo re-
flections from the centerline and the boundary layer along the
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Fig. 1 Centerline Mach reflection—Mach numbers and
static pressures along the centerline and edge of the slip-

stream.

wall1; 2) in supersonic exhaust jets from nozzles when the
flow is either underexpanded and a barrel shock wave is re-
flected off the centerline through a Mach disk (shock stem,
e.g., see the survey in Ref. 2) or overexpanded and the
oblique shock wave that compresses the flow can be reflected
off the centerline through a stem shock wave3; and 3) in
overexpanded supersonic nozzle flow when shock-induced
flow separation occurs.4-5 The present investigation is also
related to the generation of noise in supersonic jets where
slipstream shear layers produce turbulence and consequently
noise. It appears that the most intense noise generated in a
supersonic jet originates in the region where the flow becomes
subsonic along the centerline.6

Measurements and Probes

The measurements were made in air flowing through an
axisymmetric supersonic diffuser. The stagnation-pressure
upstream of the nozzle which preceded the diffuser pto was 100
psia and the stagnation temperature was 535°R. The Mach
number of the expanded flow was 4.60 upstream of the center-
line Mach reflection. The shear layer flow downstream of
the Mach reflection was believed to be turbulent since the
Reynolds number based on the shock stem height /, descrip-
tive of the shear layer thickness, was relatively large, i.e.,
P2U2l/}j,z = 4.2 X 104.

Surveys across the flow were made at a number of axial
locations with a flattened Pitot tube which had a tip height of
0.005 in. and with static pressure probes. The static pres-
sure probes had blunted conical tips and had an outside
diameter of 0.020 in. A static pressure hole, 0.008-in. diam,
was located on the side of the probes a distance of either 10 or
15 probe diameters from the tip. The static pressures mea-
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Fig. 2 Static and Pitot pressure and Mach number distri-
butions across the flow at various axial locations.

sured with these probes were within 2% of the local static
pressure in the supersonic region,7 and they were essentially
the local static pressure in the subsonic region. There is less
certainty in the static pressure probe readings in the transonic
region, however. The static pressure probes were usually
located a sufficient distance from the reflected shock wave Sr
so that they were not influenced by the presence of this shock
wave.8 There is usually no problem with obtaining accurate
Pitot tube measurements, even in the vicinity of oblique
shock waves.8-9 No effort was made to determine the precise
orientation of the shock waves in the vicinity of the inter-
section T— they may have been cured there.10

Results
The over-all features of the centerline Mach reflection are

indicated in Fig. 1 by the static pressures and Mach numbers
along the centerline and along the edge of the slipstream.
The flow was compressed across both the stem shock wave
and the incident and reflecting shock waves to a static pres-
sure considerably above both the upstream pressure and
eventual pressure farther downstream. The core flow was
then accelerated by virtue of the pressure difference and the
viscous shear stress exerted at the edge of the core flow by the
higher-speed flow beyond the slipstream. Along the center-
line the Mach number was 0.42 just downstream of the stem
shock wave. The sonic condition was located 6 shock stem
heights, i.e., z/l, downstream, a location that also is in agree-
ment with the finding of Ref. 11 in the high Mach number ex-
haust jet of an underexpanded nozzle flow. The flow then
continued to accelerate along the centerline to a Mach num-
ber of about 2. Simultaneous acceleration occurred above
the edge of the slipstream in a way such that the difference
between Mach numbers along the edge of the slipstream and
the centerline did not change much. Near the end of the
region investigated the Mach number along the slipstream
edge was about 3.4.

Information on the viscous effects in the flow appears in
Fig. 2 where the measured Pitot and static pressure distribu-
tions across the flow are shown at various axial locations along
with the corresponding Mach number distributions calculated
for 7 = 1.4. The shear layer which originated at the triple
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point T grew laterally and the inner edge extended to about
| of a shock stem height from the centerline at the first probe
station (z/l = 1.6) downstream of the shock stem (Fig. 1).
The inner edge of the shear layer apparently intersected the
centerline just downstream of the second probe position at an
axial location of about 4 shock stem heights. Farther down-
stream the shear layer continued to increase in thickness as
the outer edge of the slipstream diverged. At the last probe
position (z/l = 10.9), the outer edge of the slipstream was
about 1.4 shock stem heights from the centerline. Radial
gradients of the Mach number diminished in magnitude along
the flow because of the lateral growth of the shear layer.

The static pressure at the various axial locations (Fig. 2)
was highest along the centerline (where the Mach number was
lowest) and decreased radially outward. The compression of
the flow by the shock waves was apparently relieved by the
decrease in pressures both axially and radially as seen in
Fig. 1. The static pressures continued to decrease radially
beyond the edge of the slipstream that was established by the
flattening out of the Pitot pressure measurements. Conse-
quently, the Mach numbers increased beyond the edge of the
slipstream, but the slope was less. Of note is that at the first
probe position, the abrupt decrease in the Pitot pressure be-
yond the slipstream edge denoted by S is associated with
traversing across the reflected oblique shock wave Sr (Fig. 2).

Axial velocity distributions could be calculated with a
small amount of error from the Mach numbers by using the
upstream stagnation temperature to calculate the static tem-
perature and thus the speed of sound for adiabatic flow.
The density could then be obtained from the equation of state
p = pRT and therefore streamlines,

\f/ = I purdrj o

shown in Fig. 1, could be calculated. The streamlines con-
verged slightly in the core flow region as the gas accelerated
to the sonic condition along the centerline: they then di-
verged as the gas accelerated in the supersonic region. It
should be mentioned that temperature surveys were also
made across the flow with an aspirating thermocouple probe
which had a 0.010-in. tip height. However, because of the
relatively small difference between the thermocouple recovery
temperature and the total temperature, and some uncertainty
in the probe recovery factor, temperature measurements are
not shown.

The slipstream shear layer caused the sonic line (Fig. 1) to
be inclined to the flow rather than perpendicular to the flow
as it would have been if the flow were inviscid. For an invis-
cid flow, there is a step change in velocity across the slip-
stream. Even though the viscous shear stress contributed to
the acceleration of the subsonic core flow, the dominant ac-
celerating mechanism was the pressure gradient. This be-
havior was deduced by comparing the axial location on the
centerline location at which sonic velocity would have oc-
curred for an isentropic expansion to the measured static
pressure. In Fig. 1, it is evident that these locations are very
close to each other. The location of the actual sonic velocity

is farther downstream because the entropy increase in the real
flow associated with viscous effects requires the flow to expand
to a lower pressure to acquire the same kinetic energy and
thus Mach number as for an isentropic flow.

The measurements indicate a more rapid growth of the shear
layer in subsonic flow than in supersonic flow. This dif-
ference might be expected since turbulent intensities are
higher in subsonic than supersonic flows, and therefore the
growth of the shear layer db/dzav'/u should be larger in the
subsonic region. The flow was, of course, being accelerated —
the small amount of information that is available only for a
low-speed flow indicates that v'/u decreases in an accelerating
flow.12 It is evident in Fig. 1 that the edge of the shear layer
on the subsonic side did not grow linearly from the shock in-
tersection.
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